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Abstract This work studies a mathematical model describing the static process of
contact between a piezoelectric body and a thermally-electrically conductive foundation.
The behavior of the material is modeled with a thermo-electro-elastic constitutive law.
The contact is described by Signorini’s conditions and Tresca’s friction law including the
electrical and thermal conductivity conditions. A variational formulation of the model in
the form of a coupled system for displacements, electric potential, and temperature is de-
rived. Existence and uniqueness of the solution are proved using the results of variational
inequalities and a fixed point theorem.
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1 Introduction

In 1880, the Curie brothers discovered the piezoelectric effect, that is, the ability of some
crystalline material to produce an electrical voltage proportional to the mechanical stress which
deforms it. The deformation resulting from the application of an electric potential is the
reversible effect. It was suggested by Lippman in 1881 and confirmed experimentally by the
Curie. The two effects are the basis for an extensive use of piezoelectric materials in many
engineering applications such as sensors, actuators, and intelligent structures.

The electro-elastic characteristics of piezoelectric materials have been studied extensively,
and their dependence on temperature is well established!®. Currently, it is interesting to
incorporate the thermal effects in addition to the piezoelectric effects. This thermo-piezoelectric
model was first proposed by Mindlin!® and Migérskil™, and the physical laws for the thermo-
piezoelectric materials were investigated by Nowackil® /. Chandrasekharaiah'?! generalized
Mindlin’s theory of thermo-piezoelectricity to some special model, and Tiersten!!!] developed
the general nonlinear theory of thermo-piezoelasticity.

In the literature, there are few mathematical results dealing with contact problems involving
coupling between mechanical and electrical properties!!>%6.712714] and the references therein.
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Up to date, no work has dealt with coupling between thermal effects and piezoelectrical proper-
ties. Therefore, there is a need to extend mathematical analysis to this kind of model problems.

This work deals with a new mathematical model which describes the frictional contact
between a thermo-piezoelectric body and a conductive foundation. The novelty of this model
lies in the chosen thermo-electro-elastic behavior for the body and in the electrical and thermal
conditions describing the contact. The motivation of this approach is that the thermal effects,
such as thermal deformation and pyroelectric effects, are especially important for many smart
ceramic materials. Thus, it may be impossible to predict the electromechanical behavior without
taking account of these thermal effects.

Here, we study a static problem of frictional contact under small deformation hypothesis,
wherein the behavior of the material is modeled by a nonlinear thermo-electro-elastic consti-
tutive law, and the contact is described by Signorini’s condition, Tresca’s friction law, and a
regularized electrical and thermal conductivity condition. The variational formulation of this
problem is derived, and its unique weak solvability is established.

The paper is structured as follows. In Section 2, we state the model of equilibrium process
of the thermo-elctro-elastic body in frictional contact with a conductive rigid foundation. In
Section 3, we introduce the notation and the assumptions on the problem data. We also
derive the variational formulation of the problem, and the main result is stated in Theorem
3.1. In Section 4, we prove the existence of a weak solution to the model and its uniqueness
under additional assumptions. The proof is based on an abstract result on elliptic variational
inequalities and fixed point arguments.

2 Mathematical model

We consider a piezoelectric body that occupies an open bounded subset Q in R (d = 2,3)
with a sufficiently smooth boundary I' = 9€2. This boundary is divided into three open disjoint
parts I'p, I'y, and I'c on one hand and a partition of I'p UT'y into two open parts I', and I', on
the other hand, such that the two parts I'p and I', have a nonnegative measure. The body is
subjected to the action of body forces of density fy, a volume electric charges of density ¢o, and
a heat source of constant strength ¢;. It is also subjected to mechanical, electrical, and thermal
constraints on the boundary. Indeed, the body is assumed to be clamped in I'p, and therefore
the displacement field vanishes there. Moreover, we assume that a density of traction forces,
denoted by fn, acts on the boundary part I'y. We also assume that the electrical potential
vanishes on I',, and a surface electrical charge of density g is prescribed on I'y. Finally, we
assume that the temperature 6, is prescribed on the surface I'y UT'p.

In the reference configuration, the body may come in contact over I'c with an electrically-
thermally conductive foundation. We assume that its potential and temperature are maintained
at ¢r and Op. The contact is frictional, and there may be electrical charges and heat transfer
on the contact surface. The normalized gap between I'c and the rigid foundation is denoted
by g.

Here and below, we do not indicate the dependence of various functions on the spatial
variable z € Q, the summation convention over repeated indices is used, and the index that
follows a comma indicates a partial derivative with respect to the corresponding component of
the spatial variable.

We use S¢ for the linear space of second-order symmetric tensors on R? and use
| - || to represent the inner products and the Euclidean norms on R? and S,

“oo»

and

w-v = ui-vg, vl =(v-v)2, Vu, veR?

0T =04 Tij, ||TH:(T'T)%, Vo, 7 € S9.
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We denote by u : @ — RY the displacement field, o : Q@ — S and o = (0;;) the stress tensor,
6 : Q — R the temperature, q : @ — R? and ¢ = (¢;) the heat flux vector, and by D : Q — R?
and D = (D;) the electric displacement field. We also denote E(p) = (E;(¢)) the electric
vector field, where ¢ : @ — R is the electric potential. Moreover, let e(u) = (g;;(u)) denote
the linearized strain tensor given by ;;(u) = & (u;; + u;;), and “Div” and “div” denote the
divergence operators for tensor and vector valued functions, respectively, i.e., Divo = (05 ;)
and div¢ = (&;;). We shall adopt the usual notations for normal and tangential components
of displacement vector and stress: v, = v-n, v, = v —v,n, o = (on) - n, and o, = on —opn,
where n denotes the outward normal vector on I'.

We suppose that the process is static. The equations of stress equilibrium, the equation of
quasi-stationary electric field, and the heat conduction equation are, respectively, given by

Dive+ fo =0 in €, (1)
divD=¢qp in Q, (2)
divg=¢ in £ (3)

For the linear piezoelectric material including the thermal expansion effect, we have the following
constitutive relations:

o=Fe(u)—EE(p) —O0M in Q, (4)

D=Ee(u)+BE(p)—0P in Q, (5)

where § = (fiju), € = (eijr), M = (miz), B = (Bij), and P = (p;) are, respectively, elastic,
piezoelectric, thermal expansion, electric permittivity, and pyroelectric tensors, and £* is the
transpose of £ given by

£ = (eijn)
where
€iik = Ckijs
and
Eov=0E, YoeS veR? (6)

The Fourier law of heat conduction is given by

where K = (k;;) denotes the thermal conductivity tensor.
Next, to complete the mathematical model according to the description of the physical
setting, we have the following boundary conditions:

u=0 on Ip, (8)
ov=fy on Iy, (9)
=0 on T, (10)
D-v=g on Ty, (11)

=0 on TI'nyUTp. (12)
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We model the frictional contact on I'c with Signorini’s conditions and Tresca’s law

op(u) <0, u,—g<0, o,(u)(uy—9g)=0 on Tg¢,

o+ <5
los| <S=u=0 on TI¢,
lorl=S8=3IXN#0, 0, = —Au,

and with the following regularized electrical and thermal conditions['3:15!:

D-v=19(u, —9)pr(p —pr) on Ic,
q-v="kc(u,—g)¢(0 —0r) on Tc
such that
—L if s<-L,
or(s) =4 s if |s| <L,
L if s>1L,
0 if r<o,
P(r) =1 keor if  0<r<1/4,
ke if  r>1/6,

(13)

where L is a large positive constant, 6 > 0 is a small parameter, and k. > 0 is the electrical
conductivity coefficient such that the thermal conductance function k¢ : 7 — ke(r) is supposed

to be zero for r < 0 and positive otherwise, nondecreasing and Lipschitz continuous
that when ¥ = 0, the equality (15) leads to the condition
D-v=0 on TIg¢,

which models the case when the foundation is a perfect electric insulator.
Similarly, we describe the case of a perfect thermally insulating foundation with

qg-v=0 on T¢.

. We note

We collect the above equations and conditions to obtain the following mathematical problem.

Problem (P) Find a displacement field u : Q — R?, an electric potential ¢ : Q
a temperature field 6 : Q — R such that (1)-(16) hold.

— R, and

Note that if the displacement field u, the electric potential ¢, and the temperature 6 which

solve Problem (P) are known, then the stress tensor o, the electric displacement fie
the heat flux g can be obtained from (4)—(7).

3 Variational formulation and main result

Id D, and

In this section, we derive a weak formulation of Problem (P) and investigate its solvability.
Everywhere in what follows we use the standard notation for the LP spaces associated with €
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and I'. We also use the Hilbert spaces

H=L*Q) H =HY(Q),

H= {O’ = 045, 045 = 0j; € LQ(Q)}

endowed with the inner products
(’U,,’U)H = / uividx, (0’, T)H = / O'ijTjid,T,
Q Q

(,0) 1, = (1, 0) 1 + (=), ()
Keeping in mind the boundary condition (8), we introduce the closed subspace of H;
V={veH |v=00onTp}
and the set of admissible displacements
K={veV]v,—-—g<0onTc}.

Here and below, we write w for the trace yw of the function w € Hy on I'. Since meas(I'p) > 0,
Korn’s inequality holds
le@)lln = cxllvllea, VoeV, (17)

where ¢y, is a nonnegative constant depending only on 2 and I"' . Therefore, the space V endowed
with the inner product (u,v)y = (e(u),e(v))s is a real Hilbert space, and its associated norm
lvllv = lle(v)||# is equivalent on V' to the usual norm ||- ||z, . By Sobolev’s trace theorem, there
exists a constant ¢y > 0 which depends only on 2, ', and I'p such that

HU”L2(F)d < CQH’l)Hv, Yv e V. (18)
We also introduce the function spaces
W={pecHQ)¢Yp=00onT,}, Q={0€H (Q)]0=00nTpUTy}.

Similarly, we write ¢ for the trace v¢ of the function ¢ € H*(Q) on I'. Since meas(I'y) > 0
and meas(I'p) > 0, it is known that W and @ are real Hilbert spaces with the inner products.
(o, v)w = (Vo,Vi)u, and (0,8)q = (VO,VE)u. Moreover, the associated norms ||¢|w =
IVl and ||€]| = ||VE||a are equivalent on W and @, respectively, with the usual norms
| - I 1 (). By Sobolev’s trace theorem, there exists a constant ¢; > 0 which depends only on
Q, T'y, and T'¢ such that

[Yllc2re) < arlléllw, VY e W, (19)
and a constant co > 0 which depends only on 2, I'p, I'y, and I'c such that

I€llz2rey < e2lléllq, V€ € Q. (20)

In the study of the mechanical problem (P), we need the following assumptions.

(h1) The elasticity operator § : Q x S — S% the electric permittivity tensor 8 = (8;;) :
Q x R* — R, and the thermal conductivity tensor K = (k;;) : © x R — R? satisfy the usual
properties of symmetry, boundedness, and ellipticity,

fijkt = fimt = fiwij € L),  Bij = Bji € LT(Q), kij = kj; € L™(Q),
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and there exists that mg, mg, mx > 0 such that
fijw () &&= mg [I€)°, V€€ 9%, Vzeq,
Bij Gi¢i = ma ISP kij GG = mx [IC[I° for all ¢ € R

(hz) The piezoelectric tensor £ = (e;j;) @ Q x S¢ — R the thermal expansion tensor
M = (m;j) : @ x RT — R? and the pyroelectric tensor P = (p;) : © — RY satisfy

eijk = eik; € L(Q), my; =my; € LP(Q), p; € L>(Q).

(hs) The surface electrical conductivity ¢ : I's x R — R* and the thermal conductance k. :
I's x R — RT satisfy the following hypothesis for m = ¢, k.: 3 M, > 0 such that |7 (z,u)| < M,
Vu € R, a.e. € T'¢, and & — 7(z,u) is mesurable on I'¢ for all uw € R and is zero for all u < 0.

(hy) The function u — 7(z,u) (1 = 1, k) is a Lipschitz function on R for all x € T'¢c.
|7(z,u1) — m(x,uz2)| < Lelur — ug|, Yur,us € R, where L is a positive constant.

(hs) The forces, the traction, the volume, the surface charge densities, and the strength of
the heat source satisfy

foe LX), fn e L*(Tn)?, g€ L*(Q), g € L*(Ty), g € L*(9).
(hg) The potential and temperature of the contact surface satisfy
or € L*(Tc), Op € L*(Tc).
(h7) The friction bound function satisfies
SelL>*Teg), S=0.

Next, using Riesz’s representation theorem, we define the elements f € V, ¢ € W, and
gtn € Q by

(Fov = [ fo-vdos [ fyovda, woev. (21)
Q I'n

(4o O)w = /Q g0 &d — /F gda, Ve (22)

(qthu 77)62 = ‘/th ndxu VT] € Wu (23)

and we define the mappings j: V =R, £: V x W2 =R, and x: V x Q? — R by

Jjlv) = S |lvrllda, Vv eV, (24)
I'c
U(u, &) = g Y(uy — 9)orL(p —pr)éda, YueV, VYo, (€W, (25)
x(u,0,m) = / ko(uy, — g)or(0 — Op)nda, Yu eV, VO, neqQ, (26)
Te

respectively.
It follows from the assumptions (hs) and (hg)—(h7) that the integrals below are well-defined.
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Now, by a standard variational technique, it is straightforward to see that if (u, ¢, 6)
satisfies the conditions (1)—(16), then

(o,a(v)—a(u))ﬁ—i—j(v)—j(u)2 (f,v—uwy, YvekK, (27)
(D, V&) = llu, 9,€) = (¢, w, YEEW, (28)
(4: V) gy = x(w, 0,1) = (g, M@, VN € Q. (29)

We plug (4) in (27), (5) in (28), and (7) in (29) and use E = —Vy to obtain the variational
formulation of P in terms of displacement, electric potential, and temperature.

Problem (PV) Find a displacement field v € K, an electric potential ¢ € W, and a
temperature field 6 : Q — R such that

(Fe(u),e(v) — s(u))H + (£*Vp,e(v) — a(u))H — (M8, e(v) — s(u))H
+](U)_](u)> (fvv_u)Vv VUEKv (30)

(KVO, V1), + x(uw,0,1) = (gmn)q, Y0 € Q. (32)

Now, we are able to state the following main result of existence and uniqueness.

Theorem 3.1 Assume that the assumptions (hi)—(hs) and (hs)—(h7) hold. Then, (1)
Problem (PV) has at least one solution (u,p,0) € K x W x Q; (2) under the assumption (hy),
there exists L* > 0 such that if

My + My, + LLy + LLi, + max(m™*,p*) < L™,

then Problem (PV) has a unique solution with m* = sup ||m;|| and p* = sup ||p;]|.
ij i

The proof of our main result will be presented in the next section.
4 Proof of main result

The proof of Theorem 3.1 will be carried out in several steps, and it is based on arguments
of variational inequalities and Schauder’s fixed point theorem. To this end, we assume in the
following that (hy)—(hs) and (hs)—(h7) hold.

Let K1 and K; denote two closed convex sets of L?(I'¢) as follows:

’Cl = {Zl € LQ(FC)a HleLQ(FC) g kl}a
Ko ={z € L*(Tc), |2llr2re) < ka}

with k; and kg to be specified later, and let z = (21, 22) € L2(I‘c)2 be given. We define the
functions

((2,6) = /F séda, VEEW, (33)

Yo(zam) = / zonda, Vi € Q. (34)
Ie
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In the first step, we consider the following variational problem.
Problem (PV,) Find a displacement field u, € K, an electric potential ¢, € W, and a
temperature field 6, € @ such that

(Se(uz),e(v) = e(uz))n + (€°Vepz,e(v) —e(uz))u — (Mbz,e(v) — e(uz))n
+j(v)_j(uz)>(fav_u2)‘/v Vv € K, (35)
BV, V& u — (Ee(uz), V& — (PO, VEH = (¢ )w — a(2,§), VE€W,  (36)

(KVO.,V)u = (¢, m)q — x2(2,m), Yn€Q. (37)

The coupling system leads to considerable difficulties in the analysis of the problem. Therefore,
we first solve the following thermic problem with the unknown 6,:

(PVY): (KVO., V)i = (gm.n)q — x2(2.m), ¥n€ Q.

To this end, using Riesz’s representation theorem, we find the element ¢, € ) and the operator
T :Q — Q defined by

(@z,mq = (@, m)q — x2(2,m), Yn€Q,

(38)
Thus, Problem (PV?) can be also written in the following form:
Find 0, € @ such that (70,,m)o = (¢:,7)0, Vn€Q. (39)

From (38), (34), (23), and (hs), it is easy to see that the linear form  — (g.,7)¢ is continuous
on Q. We note that, under the assumption (h;) on K, the operator 7 is linear symmetric and
positive definite on Q. Moreover, 7 is a linear continuous invertible operator on @, and let
C =7~ !. Thus, by the Lax-Milgram theorem, we conclude that (39) has a unique solution

PO 1
0. =Cq. € Q satistying [0:lq < = la-lo- (40)

Now, we substitute 8, = Cq. in (35) and (36) and get
(Be(uz),e(v) — e(uz))n + (E"Vez,e(v) — e(uz))m + j(v) — j(uz)

>(fz,v—u)y, YveEK, (41)
(ﬁv@zu v§)H - (gg(uz)v vﬁ)H = (Qng)Wv vEe W, (42)
where
(fz,v)v = (f,v)v + (MCq.,e(v))y, YveK, (43)
(@2, w = (@e; Ow + (PCqz, VE) g — l1(2,€), VE€W. (44)

In order to solve (41)—(42), we consider the product spaces X =V x W and Y = (L*(T'¢))?
endowed with the inner products

(ZE,y)X = (uvv)V + (<P5€)Wa Vo = (uv 90)7 Y= (’Uvg) € X, (45)

(2, Qy = (21,C1)r2(re) + (22, 2) 2oy V2 = (21,22), ¢ = (C1,(2) €Y, (46)



Existence results for unilateral contact problem with friction of thermo-electro-elasticity 919

and the associated norms || - || x and || - ||y, respectively. Let U = K x W be a non-empty closed
convex subset of X. We also introduce the operator A : X — X and the function J : U — R
defined by

(Az,y)x = (Fe(u),e(v))n + BV, V& + (E"Vp,e(v))n

- (Eg(u), v§)H7 Vo = (uv 90)7 Y= (U,f) € X, (47)
J(y) =j(v) = g Sllvrllda,  Vz = (u,¢), y = (v,§) € X, (48)
f2=(f10e.) € X. (49)

Keeping in mind the proprieties of the operators 7, M, and P, it follows that MC and PC
are linear continuous operators. Hence, by Riesz’s representation theorem and (49), we deduce
that f, € V and ¢, € W, then we conclude that f € X.

We start by the following equivalence result.

Lemma 4.1  The pair x, = (u,, ¢-) € U is a solution to (41)—(42) if and only if

(Aze,y —a2)x = J(y) = J(22) = (fLy —2:)x, Vy=(0,§) €U (50)

Proof We use (£ — ¢,) in (42) and add the corresponding inequality to (41). Then,
we deduce (50). Conversely, let x, = (u.,¢,) € U be a solution of the elliptic variational
inequality (50). By taking y = (v, ) in (50), where v is an arbitrary element of K, we obtain
(41). Moreover, if we take successively y = (v, ¢, + &) and y = (v, 0, — §) in (50), where & is
an arbitrary element of W, we will obtain (42), which finishes the proof.

We now use Lemma 4.1 to obtain the following existence and uniqueness result.

Lemma 4.2  For any z € K1 X Ko assumed to be known, we have

(i) under the assumptions (hi)—(ha) and (hs)—(h7), (50) has a unique solution x, = (u,,¢,) €
K x W, and there exists ¢ > 0 such that ||z.| x < c |/ f5] x;

(ii) the solution x, of (50) depends on z € Y Lipschitz continuously.

Proof We first remark that J is proper and convex on U. Moreover, by (h7), we find that
J is Lipschitz continuous. Therefore, it is a fortiori lower semicontinuous function. Now, we
use (hy), (6), (47), and (45) to see that A is a strongly monotone Lipschitz continuous operator
on X, i.e., there exists that ma, M4 > 0 such that (Az — Ay,z — y)x = mallz — y|% and
|Az — Ay||x < Mallz — y||x. Since U is a non-empty closed convex set of X, by a standard
result on elliptic variational inequalities (see [16]), it follows that there exists a unique element
(uz,p,) € U which satisfies (50).

Moreover, if we take y = 0 in (50), we get

(sz, fEZ)X + J(‘TZ) < (ffa fEZ)X-
As the friction coefficient S > 0, we have J(x,) > 0 and thus
(Azz,2.)x < (ff 22)x-

Taking in mind the strong monotony of A, we deduce that there exists ¢ > 0 such that

. 1
|z:llx < cllfellx with c=—. (51)
ma
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For the second part of Lemma 4.2, let us consider two given elements z = (21, 22), 2’ = (21, 25)
of Y and the associate solutions z, , z, of (50). For all y € U, we have

(Az.,y —z2)x + J(y) — J(22) = (fZ, 9 — 22)x,
(Azor,y —22)x +J(y) = J(z2r) 2 (foy — 220 ) x
If we take y = x,/ in the first inequality and y = x, in the second one, we obtain
(Azy,xy — ) x + J(x2) — J(22) = (f5, 22 — 22)x,
(Azy x, —ao)x + J(2) — J(z2) = (fo, 2. — 22 ) x.

Hence,
(Az, — Az x, —x ) < (f — fo, 2. —22)x. (52)

Furthermore, we have the following inequality:

(fzc - f,:/v'rz _Iz/)X

= [ 1= e — pudda+ (MCl: = ) e(ws) — £(uz))r
I'c
+ (Pc(qz - qZ’)u VQOZ - v@z’)[p(ﬂ)
’ m*

<21 = 212 ey 1oz — 2 ll2e) + m—’chz — g2 lle(uz) — e(uz )|y

+ 7 g — gl Vs — Vol

mi ’

and then

(fze _fze/wrz _xz’)X

C2 m*

<z = 2llz2 eyl — o llL2@e) + 22 — 25| L2 (o) le(uz) — e(uzr)|| 2

cop*
mg

Combining (52), (53), (19), and (20) yields

_|_

llz2 = 2ol 2@ Vo= = Veour | 2(y- (53)

(A$z — A,’Ez/,,'Ez — .’L'Z/)X

*

’ Ca ’
<a llzn = z1llezere) ez — e llw + e 22 = 23]l L2(re) Ilue —werlv
cop* /
22 = 25[[L2(re) 0z — @2 lw (54)

The strong monotonicity of A, combined with (54) and (46), implies that there exists a positive
constant cs depending on the constants ci,ce, m4, mx, m*, and p* such that

2. —22]lx < e llz =2y (55)

Hence, the second part of this lemma is established.
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Now, we have the following result.

Lemma 4.3 For any z € K1 x Ko assumed to be known and under the assumptions (hy)—
(he) and (hs)—(h7), the solution T, = (u,, ¢.,0,) € K x W x Q of Problem (PV,) depends on
z €'Y Lipschitz continuously.

Proof We consider the product space X = X x @ endowed with the inner product

(wv'l?)X = (xuy)X + (9777)@7 Vw = (I,@), ¥ = (yﬂ?) ek (56)

and the associated norm || - || x. Now, let z = (21, 22) and 2’ = (2], 2}) be two given elements of
Y and 6., and let 0,/ be the corresponding solution of (39). Using the linearity of 7, we find
that

1
92/ - 92 < — 19 — ¢ .
I lo < o —lla= = d:lle
It follows from (20) and (38) that
(4= = ¢z mq =x2(2',n) — x2(2, 1)
<eo |z — Z2HL2(FC)||77||Q= Vn € Q.
Then,

gz — g:zllQ < c2 [l22 — 22l L2(re)- (57)

We combine the previous inequalities to see that

ca
10 —0-lq < o |25 — z2llL2(re)

C2
mg

< 12" = zll2(re)z2- (58)
Lemma 4.3 is now a consequence of (58), (55), and (56).

We now use the properties (hg) and (hy) of the constitutive functions ¥ and k. to define an
operator A : Y — L?(I'¢)? by the formula

Az = (P(uy — 9)¢L(p — @r), ke(uy — 9)pL(0 — 0F)). (59)

In the second step, we prove that the operator A has a fixed point. To this end, we will need
the following result.

Lemma 4.4 The mapping is z — T, = (uz,¢.,0.), where T, is the solution of Problem
(PV.), which is weakly continuous from'Y to V.x W x Q.

Proof Let z, = (214, 22,,) be a sequence of Y which converges weakly to z = (21, 22), and
we denote Z,, = (x,,,0,,) € U x Q with z,, = (u.,,¥s,), the solution of Problem (PV,)
corresponding to z,. Using (38), (40), (20), and (46), we have

1
102, llo < P lg-. llo
1
< m—K(HchHQ + ez ||22nllL2(re))

1
(lgmlle + 2 llznlly)-

< —
mr
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Thus, the sequence (., ) is bounded in @. Then, there exists f € Q and a subsequence (0-,,)
such that 0., — 6. Using (39), we get

(76,0 —n) < lim (76(2n,),0(2n,) =) < (g2,0 — Mg (60)
Taking n = 6+ 7™ in the previous inequality, we find
(T6,17) = (=1 )@, V0" € Q. (61)

According to (39) and (61), we conclude that 6 is a solution of Problem (PV?). By the unique-

ness of the solution of this variational equality, we deduce that 0 = f,. Since 6, is the unique
limit of any subsequence (6., ), we deduce that the whole sequence (0., ) is weakly convergent
to 6, in @, which ensures the weak continuity of the mapping z — 6,. Moreover, z,_ is a
solution of (50) implying

(A:Ezn7y —,)x + J(y) - J(xzn) = ( fnay - ‘TZH)X? Yy eU. (62)
Now, we take y = 0 in (62) to obtain

(szn ) xzn)X < (f;

n?

2z, )x — J(x2,). (63)
Keeping in mind (49), (43), and (44), we have

(fzenaxzn)X = (fa uzn)V + (Qea (pzn)W + (MC an,E(Uzn))H

+ (PC Qvavwzn)H - él(zlnv<ﬁzn)-

Then, § §
12 0x < Il + llaellw + (27 + 22 ) gz, llo + eallztnllzare)- (64)
mr K
We also have
gzl < lawnlle + e l1z2nllz2ro) (65)
and
() < o ISy 172 lx- (66)

The strong monotonicity of A combined with (64)—(66) implies that there exists a positive
constant ¢4 which depends on the constants cg, c1,ca, ma, mic, S,m*, and p* of the problem
such that

=, llx < ca(lFllv + llgellw + lawmllq + lznlly)- (67)

Thus, the sequence (x, ) is bounded in the Hilbert space X. There exists T = (u,$) € X and a
subsequence (xznk) such that z, — . Since U C X is a closed convex subset, it is weakly closed

and T € U. Moreover, using the compactness of the trace map v : X — L?(I'¢)? x L?(I'¢), it
follows from the weak convergence of (z, ) that

(22,,) — T strongly in L*(To)? x L*(Tg). (68)
Next, let us prove that  is the solution of (50). We have

(fZeTL?y_Izn)X :(fvv_uzn)v + (q07§_ ‘Pzn)w _él(znaf_ ‘Pzn)

+ (MCq.,,e(v) —e(uz,)) gy + (PCq.,,VE =V, )y
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From (34), (38), and (z,) — z, we get
(Mcqznaa(v) - E(uzn))H - (Mcha 6(’0) - EZn)Ha
(69)
(chzn7 vg - vspzn)]—[ - (chzu V§ - VSOZ)H,
and from
1€1(2n, € = n) = (20, € = @) <ll21nllL2rey 020 — @ll2(rey
<llenlly llzz, — §|‘L2(Fc)27
we get
gl(znag_spzn) —>€1(Z,§—(;5). (70)
The two previous results (69) and (70) give
( zenvy_xzn)x_)(f;y_:f)x' (71)
Furthermore, the inequality
| J(22,) = J(@) | < 1Sl poe oy Uz = ll L2y
< Co HSHLOO(Fc)”:EZn - ‘:E”L2(Fc)2
gives
J(:Ezn) - J(:’E), (72)
It follows from (62) that
(Az,,y — 22, )x 2 (f5,, 0 —22,)x — (J(y) = J(2) + (J(22,) — J(2)).
Now, we combine (62), (71), and (72) with the pseudo-monotonicity of A to deduce
zeU,
L . . (73)
(AI,y—I)X+J(y)—J(I)>(fz,y—I)X, vyEIJ

Thus, we find that Z is a solution of Problem (PV.), and from the uniqueness of the solution
for this variational inequality, we deduce that T = x,. Moreover, since z, is the unique weak
limit of any subsequence of (z., ), we obtain that the whole sequence (., ) is weakly convergent

in X to z,. Consequently, the mapping z — x, is weakly continuous.

We end this proof with the remark that the mappings z — x, and z — 6, are weakly

continuous implying that the mapping z — =, is weakly continuous.

Lemma 4.5 For specified values of k1 and ko, the operator A has at least one fixed point.

Proof Let us consider z = (z1,22) € K1 x Kq, i.e.,

lz1llz2rey < K1y [l22ll2re) < ko
Then,

llzlly < ki + k.
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Since z1 = ¥ (u,, — g) dr(p. — pr) and 22 = kc(u,, —g) d(0. — Or), it follows from the bounds
|¢(uzu - g)| < Mwa |kc(uzv - g)| < Mkcu and |¢L(<z - CF)l < L that

[V

210l L2 (rey < My Lmeas(Te)?, (74)

and

N|=
—~
-3
ot
~

HZ?HN(FC) < My, Lmeas(T'¢)2.

From the definition of the operator A, we have
[A2]] < 9 (uz,)or (e — @)l + [[Fe(uz, )or(0 = Or)]-
Hence, if we select k1 = M¢Lmeas(1“c)% and ky = M, L meas(I'¢)?, we obtain
Az < K1 + ko

Thus, A is an operator from the non-empty, convex, and closed subset K1 x Ky of L?(T'¢)?
into itself. Since the space L?(I'c)? is reflexive, K1 x Ky is weakly compact. The assumptions
(h3)—(hy) and the continuity of the operators ¢, and k., combined with Lemma 4.4, lead to the
weak continuity of A. Hence, by Schauder’s fixed point theorem, the operator A has at least
one fixed point.

Now, we have all the ingredients to provide the proof of Theorem 3.1.

(i) Let z* be the fixed point of the operator A and denote by z* = (u*, ¢*, 6*) the solution
of the variational problem (PV.) for z = z*. The definition of A and Problem (PV,) proves
that «* is a solution of Problem (PV), which leads to the existence part of Theorem 3.1.

(ii) We introduce the operators A: X — X and B : X — X defined by

(A/xvuy X = (Al‘,y)x + (Icvevvn)Hu VI = ($,6‘),§= (yun) ek, (76)
(557@2( = —(M@,E(v))H - (P97V€)Ha VI = (ua 9079)7 y= (Uafﬂ?) € X, (77)

where A is given by (47). We also introduce the functions 7, ¢, and ¥ on X and the element
f € X by the following equalities:

i@ = [ S lerlda, ¥5=(.gm) € X, (78)
0#,7) = |V —9)on(p —pr)ida, VE = (g 0). §=@EM X, (79)
W@ - [ el = g)0s (0 —Oenda, YF= (00.0) T= (0 ED EX, (80
f=(f e qm) € X. (81)

Using (76), (77), (78), (79), (80), (81), and (56), it is easy to see that T = (u,p,0) is a
solution of Problem (PV) if and only if

(AZ,y = X)x + (BT, y — )x + J(y) — J(Z) + (T, y — T) + X(Z,y — )

>(f,y—2)x, Yy=(v,&n)€X. (82)
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Now, let T3 = (u1,¢1,601) and ZTa = (ua, p2,02) be the solutions of (82). Then,

(AZ1,7 —T1)x + (BZ1,y —21)x + J(y) — J(T1) + U(T1,y — 1) + X(Z1,¥ — Z1)

> (f,0— 1),

(AZ2,y — Ta)a + (BT2,§ — T2)x + J(y) — J(T2) + (T2, y — T2) + X(T2, Y — T2)

> (.7 - T2)x

Take y = X3 in the first inequality, ¥ = Z1 in the second one, and add the two inequalities to
get,

(AZy — AZo, &1 — Z2)x < G1 + G — (BT — B2, 71 — T2)x (83)
such that

G = U@, & — 1) — (2, 71 — ),

G2 = X(Z1,Z2 — T1) — X(T2, T1 — T2).

By (79) and (80), we have

G = g Y(u2r) (9L (P2 — wr) — OL(p1 — wr))(p1 — p2)da

+ g bL(p2 — ) (Y(u2r) — Y(uir))(p1 — p2)da

and

G2 = /F ke(ugy — 9)(¢L(02 — Or) — &L (01 — Or)) (01 — f2)da

+ . ¢L(92 - HF)(kc('UQv - g) - kc(ulv - g))(91 - 92)(10,.

Using the proprieties of ¢y, ¥, and k., we deduce

G1 < (Myct + L Lycocr) | T1 — |3,
(84)
Go < (Mkccg "‘FLL]CCCQCQ)”EEl — :sz/z—y

Moreover, it follows from (77) and (hg) that

|(BZ1 — Bx2, %1 — Z2)|x
<m™ |01 — 02| L2y lle(ur) — e(ur)l|m + (|01 — 02| L2(0) Vo1 — Vol
< max(m*, p*) |61 — b2/l g () ([lur — u2llv + o1 — @2llw)

< max(m*,p*) [|61 — b2 q||z1 — 22| x-
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Using (56), we find

~ ~ o~ m*opt\ .~
|(BE: — Bz, 31 — &)l < max (-, 2 ) 3 — 3 (85)

Using the properties of truncation operators A and IC, it is easy to see that the operator A is
a strongly monotone Lipschitz continuous operator on X.

Finally, we combine (83) and (84)—(85) to prove that there exists a constant ¢* > 0 such
that

171 — 2|3 < ¢*(My + My, + LLy + LLy,, + max(m*,p"))||71 — T2 3-
Let L* = L. If

My + My, + LLy + LLg, + Inax(m*,p*) <L,

then we obtain ¥; = ¥, which ensures the uniqueness.

References

[1] Bisenga, P., Lebon, F., and Maceri, F. The unilateral frictional contact of a piezoelectric body
with a rigid support. Contact Mechanics, Dordrecht, Kluwer, 347-354 (2002)

[2] Essoufi, EL-H., Benkhira, EL-H., and Fakhar, R. Analysis and numerical approximation of an
electroelastic frictional contact problem. Advances in Applied Mathematics and Mechanics, 2(3),
355-378 (2010)

[3] Ikeda, T. Fundamentals of Piezoelectricity, Oxford University Press, Oxford (1990)

[4] Migérski, S., Ochal, A., and Sofonea, M. Weak solvability of a piezoelectric contact problem.
European Journal of Applied Mathematics, 20, 145-167 (2009)

[6] Aouadi, M. Generalized thermo-piezoelectric problems with temperature-dependent properties.
International Journal of Solids and Structures, 43(2), 6347—6358 (2006)

[6] Mindlin, R. D. On the equations of motion of piezoelectric crystals. Problems of Continuum
Mechanics, 70th Birthday Volume, SIAM, Philadelphia, 282-290 (1961)

[7] Migérski, S. A class of hemivariational inequality for electroelastic contact problems with slip
dependent friction. Discrete Continuous Dynamical Systems-Series S, 1, 117-126 (2008)

[8] Nowacki, W. Some general theorems of thermo-piezoelectricity. Journal of Thermal Stresses, 1,
171-182 (1978)

[9] Nowacki, W. Foundations of Linear Piezoelectricity, Electromagnetic Interactions in Elastic Solids
(Chapter 1), Springer, Vienna (1979)

[10] Chandrasekharaiah, D. S. A generalized linear thermoelasticity theory for piezoelectric media.
Acta Mechanica, 71, 39-49 (1988)

[11] Tiersten, H. F. On the non-linear equations of thermoelectroelasticity. International Journal of
Engineering Scierce, 9, 587-604 (1971)

[12] Barboteu, M. and Sofonea, M. Modeling and analysis of the unilateral contact of a piezoelectric
body with a conductive support. Journal of Mathematical Analysis and Applications, 358(1),
110-124 (2009)

[13] Lerguet, Z., Shillor, M., and Sofonea, M. A frictional contact problem for an electro-viscoelastic
body. Electronic Journal of Differential Equations, 2007(170), 1-16 (2007)

[14] Sofonea, M. and Essoufi, EL-H. A piezoelectric contact problem with slip dependent coefficient of
friction. Mathematical Modelling and Analysis, 9, 229-242 (2004)

[15] Duvaut, G. Free boundary problem connected with thermoelasticity and unilateral contact. Free
Boundary Problems, Vol. 11, 1st. Naz. Alta Mat. Francesco Severi, Rome (1980)

[16] Brezis, H. Equations et inéquations non linéaires dans les espaces vectoriels en dualité. Université
de Grenoble, Annales de l’Institut Fourier, 18, 115-175 (1968)



