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Abstract  The viscous dissipation and heat transfer in the Darcy-Forchheimer flow
by a rotating disk are examined. The partial slip conditions are invoked. The optimal
series solutions are computed via the optimal homotopic analysis method (OHAM). The
thermophoresis and Brownian motions are studied. The Darcy-Forchheimer relation char-
acterizes the porous space. The roles of influential variables on the physical quantities
are graphically examined. A reduction in the local Nusselt number is observed through
thermophoresis and thermal slip parameters. The local Sherwood number depicts an in-
creasing trend for the higher Brownian motion and concentration slip parameters.
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Nomenclature

u,v,w, velocity components; L1, velocity slip parameter;

Unf, kinematic nanofluid viscosity; Lo, thermal slip parameter;

r, o, z, polar coordinates; Ls, concentration slip parameter;
K, permeability of porous space; Tw, surface temperature;

s dynamic viscosity of fluid; Cly, surface concentration;

Vg, kinematic viscosity of fluid; Too, ambient temperature;

P, density of base fluid; Coo, ambient concentration;

Qm, thermal diffusivity; A, local porosity parameter;

Cr, drag coefficient; F, Forchheimer number;

F, non-uniform inertia coefficient; Nt, thermophoresis parameter;
Pnf, nanofluid density; Se, Schmidt number;

Dz, Brownian diffusion; Y1, dimensionless velocity slip parameter;
(pep)t, specific heat capacity of base fluid,; Pr, Prandtl number;

D, thermophoresis diffusion; Ny, Brownian motion parameter;
Q, angular frequency; Ee, Eckert number;
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Re,, local Reynolds number; Cy,C4, skin friction coefficients;

Y2, dimensionless thermal slip parameter; 0, dimensionless temperature;

g, dimensionless velocities; Sh, Sherwood number;

Y3, dimensionless concentration slip pa- o, dimensionless concentration;
rameter; ¢, dimensionless parameter.

Nu, local Nusselt number;

1 Introduction

Nanoparticles are dilute suspensions of ultrafine particles in conventional base liquids. Due
to their nanometer size and large surface area, nanoparticles have exceptional physical and
chemical properties. They are widely used in industrial and biomedical applications. Appli-
cations of nanoparticles in biomedical industry include probing of DNA structure, detection
of proteins, fluorescent biological labels, tumor destruction via heating (hyperthermia), and
purification and separation of biological molecules and cells. The pioneering work on nanoflu-
ids was done by Choil'l, who observed that thermal conductivities and heat transfer of such
fluids can be enhanced by the infusion of metallic nanoparticles in base liquids. Eastman et
al.l?l analyzed the thermal conductivity enhancement in ethylene glycol in presence of copper
nanoscale sized particles. It was noted that the particle size does not affect the thermal conduc-
tivity of nanofluid. To study convective transport of nanofluids, a model was recommended by
Buongiornol®l. It was noticed that there are seven slip mechanisms among which the Brownian
diffusion and thermophoresis are most significant. Tiwari and Das/*! interpreted the heat trans-
fer enhancement of nanofluids in a heated square cavity. Abu-Nada and Oztopl® considered
a natural convective flow in an enclosure filled with the Cu-water nanofluid. Hsiaol® explored
the effects of radiation and conjugate mixed convection in the flow of nanofluids. A partial slip
in the stagnation point flow of nanofluids with mixed convection was illustrated by Hsiaol”. A
few attempts about nanofluid flow problems were reviewed in Refs. [8]-[17].

Fluid transport in composite systems composed of spaces filled with a fluid plays a signifi-
cant role in various scientific and industrial fields, such as contaminant pollution control, under-
ground spreading of waste substance, hydrocarbon exploitation, nuclear waste document, water
resource management, hazardous waste isolation, and sustainable urban drainage. Darcy’s law
is inadequate for the porous space with a large pore radius. Hence, a nonlinear term was intro-
duced by Forchheimer!'8! in the momentum equation. Muskat!*¥! concluded its validity for high
Reynolds numbers. The dissipative flow of nanofluids through a porous space was scrutinized
by Seddeek[?!. Sadiq and Hayat[?! studied the convective flow of Maxwell fluids saturating a
Darcy-Forchheimer porous space. A few developments in this direction can be consulted via
the attempts in Refs. [22]-[29].

The flow by a rotating disk has a key role in many industrial parts including shrink fits,
flywheels, gears, and rotors. Rotating disks are useful in thermal power generating systems,
rotor-stator spinning disc reactors, electric-power generation, brake systems, rotating sawing
machines, and rotational air cleaners. A similarity analysis of the laminar flow was presented by
von Karman®%. Thermal and mass transfer analysis of the flow over a rough rotating porous
disk was interpreted by Turkyilmazoglu and Senel®'). An entropy generation analysis of the
partial slip flow by a porous rotating disk with variable properties was elucidated by Rashidi et
al.132l. The flow of nanofluids by a rotating disk was examined by Turkyilmazoglu/®3!. Hatami
et al.l3¥ explored effects of disk contracting, rotation, and heat transfer. Solution development
is due to the least square method. Mustafa et al.?®! interpreted the flow of nanofluids by
a stationary disk subject to a rotating frame. Sheikholeslami et al.[’8! developed numerical
solutions for nanofluid spraying due to an inclined rotating disk. Transient thermophoretic
particle deposition for the forced convective flow of micropolar fluid by a rotating disk was
studied by Doh and Muthtamilselvan(®”). The flow of suspension of gyrotactic microorganism
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and nanoparticles with thermal radiation past a variable thick rotating disk was elucidated by
Qayyum et al.38], The unsteady flow of nanofluids by a generalized hybrid model between two
rotating disks was elaborated by Xul*%. Majeed et al.[*9) provided the heat transfer analysis of
a viscous fluid in permeable media.

The present paper intends to describe the slip flow of nanofluids by a rotating disk using the
Buongiorno model. Random movement and thermophoretic diffusion processes are examined.
Viscous dissipation is accounted. The optimal homotopy analysis method (OHAM)[41 501 ig
employed for solutions to the governing nonlinear system. Graphical results are achieved by
considering important variables.

2 Problem development

A three-dimensional (3D) steady flow of nanofluids through a porous space is considered.
The rotating disk at z = 0 generates the flow. The partial slip conditions of the velocity, the
temperature, and the concentration are employed. Viscous dissipation, Brownian motion, and
thermophoresis are also considered. The disk rotates with a constant angular velocity 2. Here,
u, v, and w depict the velocity components along the -, -, and z-directions, respectively. The
relevant equations for the 3D flow are

ou u Ow

E = (1)
2 2 2
et (B
oT or o*T 1 8T 82 oT oC  oT oC
ua—i_w%iam(@Q ror 8z2) ( (87“87“—'_8283)
2 2
(5 +(3)) - pc,,(((?;f) (5 +(5))

2 () () o
0,0 (G T I ey
u:Ll%, rQ—l—ng , w=0, T:Tw—i—ng—Z, C=Cy —l—Lg(;);C at 2=0, 1)
u—0, v—=0, T—->Ty, C—-Cx as z— 0,

in which F = C—}T/z is the non-uniform inertia coefficient of the porous medium, K* is the

permeability of the porous space, C}; is the drag coeflicient, and L1, Lo, and L3 are the velocity,
thermal, and concentration slip coefficients, respectively. Consider

u:TQfI(C)a ’U:ng(C)7 ’U}:—v2QV‘f(C),
T—Ts C—Cy QN 1/2 (8)
00 = e HO0= g (= (5) "=

w oo

where v represents the kinematic viscosity.
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An incompressibility condition is trivially justified, and Egs. (2)—(8) become

2f/,/_>\f/+2ff”_f’2+92_Frf/2:O; (9)
29" —g+2fg' —2f'g - Frg* =0, (10)
1 1
B0+ 10+ Nt + N + Ec<§3f'2 +97%+ f”2) =0, (11)
T
_(b// +f¢ + 9// _ (12)

S

{f—O, fr=mf', g=1+mg, 0=1+30, ¢=1+n¢ at (=0,

/ (13)
ff—=0, g—0, 620, ¢—0 as (— o0,

where 71, 72, and 3 stand for the velocity, thermal, and concentration slip parameters, F,
stands for the Forchheimer number, Ec¢ stands for the Eckert number, A stands for the local
porosity parameter, N}, stands for the Brownian motion parameter, Sc stands for the Schmidt
number, N; stands for the thermophoresis parameter, and Pr stands for the Prandtl number.
We set these definitions as

2(2 v
Lq/ L\/ Lq/ Fo=—2_pr \N=_
" =1 L Y2 = L2 y ¥3 = L3 T KH/Q 0K’

2
Ny = (pcp) D1 (Tw — To) N, = (PCP)DB( —Cx) . Ec= (r2) 7 (14)
(pep)iTocv (pep)sv (Tw —T)cp
1% 14
P = — = —.
T P Se D

The expressions of the skin friction coefficients and the local Nusselt and Sherwood numbers
satisfy

R 20y =0
Re,)Y/ '(0),
Re, 1/2Nu = —49’(0)7
Re,

(Rer)
(Re,)'/?

15
(Rey)- (15)
(Rer)™

Here, Re, = % depicts the local Reynolds number.

3 OHAM solutions

It is noted that Eqgs. (9)—(12) represent the system of nonlinear equations. The optimal series
arrangement of the system of nonlinear problem is done by the OHAM. The initial deformations
and auxiliary linear operators are

1 1

1

=0, =<, 0 = -, -, 16
fo(¢) 90(¢) = ¢ 0(¢) ¢ ¢o(C) = 55 (16)

aBf  df d2g 420 d*¢
f dC?’ dCa g dC2 g9, 6 = dC 97 ¢ dC2 (b ( 7)

with
L(Pf* + Py*eC 4+ Pf*e ) =0, Ly(Pf*eS + Pi*e %) =0, (18)
Lo(Pg*et + Pfre™) =0,  Ly(Py"et + Pyre ) = 0.

Here, ]5;‘* (j =1,2,---,9) are arbitrary constants.
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4 Solution convergence

BVPh 2.0 is employed for the solutions. These solution expressions contain hy, hy, hg, and
hg which have a vital role in homotopic solutions. We can determine the optimal data of hy, hy,
hg, and hg by taking the minimum error. In order to save the CPU time, the average squared
residual error is utilized at the mth-order of deformation, i.e.,

k m m 2

= X (0. a0 ) (19)
k m m

= (WX o ;“0)4:]-5()2’ (20)
k m m m 2

el = %HZ (w320 200 32000) _, ) 1)
k m m m 2

= > (re( L7000 b)) (22)

where hy, hy, hg, and hy represent nonlinear operators for Egs. (9)—(12), respectively.

Following Liaol*!l, we have
et =el +e9 468 468, (23)
where ¢! is the total squared residual error, 6¢ = 0.5, and k& = 20. At the 2nd-order of
deformations, the optimal data of convergence control parameters are hy = —0.820207, hy =

—0.702691, hg = 1.12231, and hy = —0.962981. The total averaged squared residual error is
gl =3.11x1072. A sketch for the total residual error is portrayed in Fig. 1. By considering the
optimal data of convergence control variables, the individual average squared residual errors at
m = 2 are interpreted in Table 1. It is analyzed that the average squared residual error reduces
for higher-order deformations.

0.050

0.030

0.020
0.015F

Error

0.010F

0.000 1 1 1 1 1 1

Fig. 1 Sketch for total residual error

Table 1 Optimal convergence control variables and total average squared residual errors!?!

m el ey, el 2,

2 1.11x1073 5.71x103 1.05%10~2 1.38%x10~2
6 3.11x10~4 1.43x103 4.51%x1073 5.79x103
10 1.63x10~4 7.17x10~% 3.01x103 4.04x103
14 1.04x10~4 4.53x10~4 2.30x10~3 3.21x1073

16 8.70x10~° 3.77x10~% 2.07x1073 2.93x1073
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5 Discussion

The main interest in this section is to analyze the thermal 0(¢) and concentration ¢(()
fields for the flow variables such as the Eckert number Fc, the Brownian motion parameter
Ny, the local Reynolds number Re,, the Prandtl number Pr, the velocity, the thermal and
concentration slip parameters 71, 2, and -3, the Schmidt number Se¢, and the thermophoresis
parameter Ny. Figure 2 is interpreted for the impact of Ny, on the temperature field 6(¢). A
higher estimation of Ny shows more Brownian diffusion within the particles at lower viscous
forces which enhances the thermal field 6(¢). Figure 3 characterizes the consequences of N; on
0(¢). A higher N; yields a stronger temperature field (¢). Physically, thermophoresis refers to
the behavior of small particles within the fluid in the direction of decreasing temperature. The
particles move away from the hot source to the cold regime which results in an enhancement of
the thermal field 6(¢). An increase in the Eckert number Ec leads to an increase in 6(¢) (see
Fig.4). The temperature distribution 6(¢) for varying local Reynolds numbers Re, is portrayed
in Fig. 5. It is analyzed that a larger Re, leads to a higher (¢). Figure 6 shows the variations
of the Prandtl number Pr on the temperature 6({). A higher estimation of Pr yields a lower
temperature #(¢) and a smaller associated layer thickness. Here, 6(¢) is reduced via the thermal
slip parameter v, due to a decrease in heat transfer from the surface towards the adjacent layers
of the fluid (see Fig. 7). The effect of N}, on the concentration ¢({) is depicted in Fig. 8. Clearly,
¢(¢) and the related layer thickness reduce for Ny. Figure 9 portrays the variation of Ny on
the concentration ¢(¢). A higher N; leads to a higher ¢(¢). The concentration field ¢(¢) versus
the Schmidt number Sc is shown in Fig. 10. Clearly, ¢({) decreases for a higher estimation of
Sc. Physically, Sc defines a relationship between the momentum and mass diffusivity. A higher
Schmidt number illustrates a smaller value of the mass diffusivity which yields a reduction in
¢(¢). Figure 11 addresses the concentration field ¢({) for the concentration slip parameter 7s.
By increasing 73, a weaker concentration field ¢(¢) is observed. The roles of 71, A, and F). on
the skin drag coefficients f”/(0) and ¢’(0) are scrutinized in Figs. 12-15. It is recognized that
the skin drag coefficients have an opposite trend for higher A and F,.. Figures 16 and 17 depict
that the local Nusselt number decreases with larger Ny and Ny,. Figures 18 and 19 illustrate
the influence of Ny, Ni, and 73 on the mass transfer rate —¢(0). Clearly, the mass transfer rate
enhances for higher estimations of N}, and ~s.

1.0 .
0.8
0.6
< S
S 04 <
0.2
0 12 1
Fig. 2 Variations of temperature field 6(¢) Fig. 3 Variations of temperature field 6(¢)
against Brownian motion parameter against thermophoresis parameter Ng,
Ny, when A = 0.3, F;, = 0.2, v1 = 0.4, when A = 0.3, F,, = 0.2, 1 = 04,
Y2 = 0.6, v3 = 04, Ec = 0.7, Re, = 2 = 0.6, v3 = 04, Ec = 0.7, Re, =
1.0, Pr = Sc = 1.0, and Ny = 0.2 1.0, Pr = Sc¢c = 1.0, and N, = 0.3

(color online) (color online)
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Fig. 4

2 4 6 8 10 12

Variations of temperature field 6(¢)
against Eckert number Ec¢, when A =
0.3, Fr = 0.2, 71 = 0.4, 72 = 0.6,
v3 = 04, Re, = 1.0, Pr = Sc = 1.0,
Ny = 0.2, and N, = 0.3 (color online)

0

Fig. 6

Cl(9]

Fig. 8

14

Variations of temperature field 6(¢)
against Prandtl number Pr, when \ =
03, F, = 02, y1 = 0.4, 72 = 0.6,
vs = 04, Ec = 0.7, Rey = 1.0,
Sc = 1.0, Ny = 0.2, and N, = 0.3
(color online)

Variations of concentration field ¢()
against Brownian motion parameter
Ny, when A = 0.3, F, = 0.2, 71 = 0.4,
Y2 = 0.6, v3 = 04, Ec = 0.7, Re, =
1.0, Pr = Sc = 1.0, and Ny = 0.2
(color online)
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Fig. 5

Variations of temperature field 0(¢)
against local Reynolds number Re,,
when A = 0.3, F;. = 0.2, 1 = 04,
Y2 = 0.6, v3 = 0.4, Ec = 0.7, Pr =
Sc = 1.0, Ny = 0.2, and N, = 0.3
(color online)
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Fig. 7
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Variations of temperature field 6(¢)
against thermal slip parameter ~a,
when A = 0.3, F;. = 0.2, y1 = 04,
vs = 0.4, Re, = 1.0, Ec = 0.7, Pr =
Sc = 1.0, Ny = 0.2, and N, = 0.3
(color online)

(9]

Fig. 9

Variations of concentration field ¢()
against thermophoresis parameter N,
when A\ = 0.3, F, = 0.2, v1 = 0.4,
Y2 = 0.6, v3 = 04, Ec = 0.7, Re, =
1.0, Pr = Sc = 1.0, and Ny, = 0.3
(color online)
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o)

09 4 6 8 10 12 14

Fig. 10 Variations of concentration field ¢(¢)
against Schmidt number Sec¢, when
A= 03, Fr = 02, Y1 = 047 Y2 = 067
v3 = 0.4, Ec = 0.7, Re, = 1.0,
Pr = 1.0, Ny = 0.2, and Ny, = 0.3
(color online)
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Fig. 12 Variations of skin friction coefficient
f"(0) against local porosity parame-

ter A and velocity slip parameter 71,

when F,. = 0.2, v2 = 0.6, 73 = 0.4,

Re, =1.0, Ec=0.7, Pr = Sc=1.0,

N; = 0.2, and N, = 0.3 (color online)
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Fig. 14 Variations of skin friction coefficient
g'(0) against local porosity parame-
ter A and velocity slip parameter 71,
when F,. = 0.2, v2 = 0.6, 73 = 0.4,
Re, =1.0, Ec=0.7, Pr = Sc=1.0,
N; = 0.2, and N, = 0.3 (color online)
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Fig. 11 Variations of concentration field ¢(¢)
against concentration slip parameter
3, when A = 0.3, F,. = 0.2, v1 = 0.4,
v2 = 0.6, Ec = 0.7, Re, = 1.0, Pr =
Sc = 1.0, Ny = 0.2, and N, = 0.3
(color online)
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Fig. 13 Variations of skin friction coefficient
f"(0) against Forchheimer number
F, and velocity slip parameter -1,
when A = 0.3, 72 = 0.5, v3 = 0.4,
Re, =1.0, Ec=0.7, Pr = Sc = 1.0,
Ny = 0.2, and N, = 0.3 (color online)
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71

Fig. 15 Variations of skin friction coefficient
g'(0) against Forchheimer number F,
and velocity slip parameter «y;, when
A =03, 72 =06, v3 =04, Re, =
1.0, Ec = 0.7, Pr = Sc = 1.0, Ny =
0.2, and Ny = 0.3 (color online)
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Fig. 16 Variations of local Nusselt number
—6'(0) against Brownian motion pa-
rameter N}, and thermal slip param-
eter y2, when A = 0.3, F,. = 0.2, v1 =
0.4, v3 = 0.4, Re, = 1.0, Ec = 0.7,
Pr = Sc = 1.0, and Ny = 0.2 (color
online)
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Fig. 18 Variations of local Sherwood num-
ber —¢'(0) against Brownian motion
parameter IV, and concentration slip
parameter 3, when A = 0.3, F, =
0.2, Y1 = 0.4, Y2 = 0.6, Re, = 0.9,
Ec = 0.7, Pr = Sc¢c = 1.0, and
Ny = 0.2 (color online)
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Fig. 17 Variations of local Nusselt number
—6'(0) against thermophoresis pa-
rameter Ny and thermal slip parame-
ter y2, when A = 0.3, F,. = 0.2, v1 =
0.4, v3 = 04, Re, = 1.0, Ec = 0.7,
Pr =Sc=1.0, and N, = 0.3 (color
online)
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Fig. 19 Variations of local Sherwood num-
ber —¢'(0) against thermophoresis
parameter Ny and concentration slip
parameter 73, when A = 0.3, F, =
0.2, Y1 = 0.4, Y2 = 0.6, Re, = 1.0,
Ec = 0.7, Pr = Sc¢c = 1.0, and
Ny, = 0.3 (color online)

The Darcy-Forchheimer flow of water-based nanofluids due to the rotation of a disk with
partial slip conditions is examined. Main findings of current analysis are outlined below.

(i) The velocity field is reduced for a larger 7;.

il) An improvement in the temperature is anticipated for higher N}, and ;.

iii) Both Re, and Pr serve to reduce the temperature field.

v) The skin friction coefficient enhancement is observed for A, F;., and 3.
vi) The local heat transfer rate prompts an increasing behavior for Ny, and Ny.

(
(
(iv) As Sc enlarges, the concentration and the related layer thickness increase.
(
(
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